We show that the Hilbert scheme which parameterises bitangent lines to a general quartic surface is a counterexample to the infinitesimal Torelli claim and is a smooth regular surface with no rational curves, very ample canonical divisor and its canonical image is projectively normal in degree 2.
Introduction
We work over the complex number field C. Let S be a smooth ndimensional variety and T S its tangent sheaf. It is a natural problem to try to understand to which extent data on S, as holomorphic forms or vector bundles, can be lifted to data on a deformation of S. Using dual numbers, it is well known that any infinitesimal deformation of S, that is any flat morphism S → Spec C[ǫ] ǫ 2 whose fiber over 0 is S, gives an element ξ ∈ H 1 (S, T S ); c.f. see: [10, Theorem 8.4.2] , or [32, Chap. 9, § 9.1.2]. To give ξ is equivalent to giving an extension class
S is the dual sheaf of T S , E is a sheaf isomorphic to the restriction to S of the cotangent sheaf of such an S; see: cf [32, Theorem 4.50] . By the wedge of the above sequence we can obtain n short exact sequences
and n co-boundary homomorphisms ∂ i ξ : H 0 (S, Ω i S ) → H 1 (S, Ω i−1 S ), where i = 1, ..., n. It is a fact that Ker∂ i ξ is given by the i-forms which lift to S. It is an old question to ask if the condition that for every i = 1, ..., n the homomorphism ∂ i ξ is trivial forces ξ to be trivial too. This is called the infinitesimal Torelli claim, (iTc in the sequel).
The literature on iTc is vast and iTc is strongly related to deep problems on the Griffiths period map; see [32, Chapter 10] .
We recall that if n = 1 iTc holds iff g(C) = 1, 2 or iff g(C) ≥ 3 and C is not hyperelliptic (cf. [30] , [2] , [33] , [21] ); see also [26] . In higher dimensions, thank to the spectacular interpretation given in [14] of the infinitesimal variation of Hodge structure via natural homomorphisms of the Jacobian ring of a hypersurface, many authors were able to give algebraic interpretations of iTc and to obtain many important results; c.f. see: [5] . We know the full answer for the case of complete intersection. In [11] it is shown that iTc holds for any smooth complete intersection inside P n with the only exception of hypersurfaces of degree 3 in P 3 and intersections of two quadrics of even dimension where iTc does not hold. Moreover also in other contexts, as in the case of complete intersections inside homogeneous varieties, we find affermative answers to iTc; see: [16] , [17] , [18] , [23] , [24] , [25] .
It is true that in some special cases, as the one of surfaces of general type with p g = q = 0 (where p g = dim C H 0 (S, Ω 2 S ), q = dim C H 0 (S, Ω 1 S )) the hypothesis of iTc obviously holds while its conclusion does not hold, see [7] . Here we have to mention that there are classes of counterexamples to the global Totelli claim, that is, with non-injective period map. They are obtained by a deep study of surfaces with p g = 1, q = 0 and 1 ≤ K 2 ≤ 8, see [28] , [29] and [8] . In the case where p g = 1, q = 0 and K 2 = 2 there exist also simply connected surfaces which are counterexample to the global Torelli claim. However all these surfaces are rather special; in particular the canonical ring exhibits unusual properties or they contains special cycles; see [29] , [8] .
On the other hand in the case of smooth algebraic surfaces there are counterexamples to iTc where the canonical sheaf is quasi very ample, i.e., the canonical map is a birational morphism and a local embedding on the complement of a finite set; see: [3] , and also in the case of irregular surfaces with very ample canonical sheaf; see: [13] . There are also some counterexamples for varieties contained inside weighted projective spaces, see [12] . Nevertheless in each of these classes of counterexamples, as well as in the above mentioned case of hyperelliptic curves, one can obtain the negative answer to iTc by explicit algebraic computations based on special features of the (anti)canonical ring or by the existence of special kind of fibrations on the variety. In this sense one could have been led to expect that for a regular variety S of general type (that is a variety of general type with no (1, 0)-holomorphic forms) iTc holds under standard geometrical assumptions as the very ampleness of the canonical sheaf, the 2-normality of the canonical image and the non existence of rational subvarieties inside S, where by 2-normality we mean that the quadrics of the ambient space cut on the canonical image a complete linear system.
The first purpose of this paper is to show the following result:
Main Theorem There exist regular surfaces of general type with very ample canonical sheaf and canonical image which is projectively normal in degree 2, such that the infinitesimal Torelli claim do not hold for them.
See Theorem 4.5.2 at the end of this paper for a more precise statement. Here we stress that our examples are given by surfaces containing no rational curves. Then we give a full negative answer to many questions concerning the iTc; for example see: [22] .
Our example, actually an infinite class of them, will be provided by the variety (a surface) classifying the bitangents lines to a general quartic surface.
Actually, the original motivation for this work was the study of such surfaces, including the determination of all their numerical invariants. When our work was initiated, we came across the beautiful PhD thesis of G.E. Welters, which contained the answer to many of our questions; the present work can be viewed in part as a gloss on Welters' paper [34] .
The proof of the Main Theorem goes as follow. Let X ⊂ P 3 be a general quartic surface, where "general" in this paper only means that X is smooth and does not contain any line of P 3 . In [9] the (unique) double cover Q of P 3 branched on X is called double solid. The works of Tihomirov [27] and Welters [34] contain a detailed study of the Hilbert scheme S X of 'lines' of Q, i.e. curves having degree one with respect to a certain ample (but not very ample) divisor; we stress that these so called lines do not become actual lines under any projective embedding of the threefold. In the same paper are laid the foundations to study double solids and the geometry associated to their intermediate Jacobians. We recall that Bombieri and Swinnerton-Dyer, in their seminal paper [4] used intermediate jacobians precisely to study the variety of lines on a threefold; since then the use of intermediate jacobians became a common tool to investigate rationality questions. In the quoted papers [27] and [34] it is shown how to construct anétale double cover f : S X → S, where S is the surface in the Grassmannian G(2, 4) which parameterises bitangent lines to X. By a result of Welters it follows that the differential of the Albanese morphism a X : S X → Alb(S X ) is injective; see Theorem 3.3.1 below. This implies that there are no rational curves on S. In [34] a detailed study of the Gauss map associated to a X : S X → Alb(S X ) and of the canonical morphism of S is carried out. Hence we can explicitly clarify that the canonical morphism is actually an embedding. A detailed study on the 2-projective normality of the canonical models of regular surfaces with very ample canonical sheaf shows that S gives a countexample to iTc.
As a result of our and previous results on iTc, we can write that the iTc for a smooth variety X seems to have more to do with specific features of some polynomial ring data associated to the ideal of an embedding of X than to general geometrical ones as the very ampleness of the canonical divisor or related aspect of the canonical image.
Notation
We strongly pray the reader not to be confused by the fact that we follow Grothendieck's notation in the cases of projective bundles; that is if E is a vector bundle on a variety Z, we denote by P(E) the projectivization of the dual bundle or in other words if T E is the tautological line bundle on P(E) and ρ : P(E) → Z is the natural projection then ρ ⋆ O P(E) (T E ) = E.
(1) V is a vector space such that dim C V = 3 and V ∨ := Hom(V, C).
(2) P 3 := P(V ∨ ) (3) G denotes the Grassmannian of lines of P 3 , i.e. G = G(2, V ∨ ). (4) X denotes a smooth surface of degree 4 inside P 3 .
(5) In this paper X is general means that it has no lines in it. (6) S ⊂ G is the surfaces of bitangent lines to X. (7) Q is the double cover of P 3 branched over X. (8) S X is the Hilbert scheme of lines of Q (to be defined later).
Two-Normality and regular surfaces
We start by showing a result on theta characteristics on curves.
2.1. On very ample theta characteristics. Let C be a non-hyperelliptic curve, ω C its canonical line bundle and L a very ample theta characteristic on C, i.e. line bundle such that L ⊗ L ≃ ω C and the morphism φ L : C → P(H 0 (C, L) ∨ ) is an embedding.
We set L := O C (θ)). The L-Petri map is the standard multiplication homomorphism:
We want to understand which are the elements in the image Im(µ L ).
To this aim we remark that by Serre duality:
and we recall that any ξ ∈ Ext 1 (O C , O C ) can be considered also the class of an extension:
is maximal, equal to 2 h 0 (C, L).
Proof. The number dim C H 0 (C, F ξ ) is maximal if the coboundary homomorphism ∂ ξ :
by Serre duality. We dualise and we obtain the Petri homomorphism (2.1). This shows that ξ gives a nontrivial class in the cokernel H 0 (C, ω C )/Im(µ L ) and viceversa any class in the cokernel gives an extension with maximum number of global sections.
The following Proposition can be seen as the analogue of the infinitesimal Torelli theorem in the case of very ample theta characteristics:
Let C be a curve of genus g. Let L be a very ample line bundle such that L ⊗2 = ω C and h 0 (C, L) ≥ 4. Then the L-Petri map is surjective.
Proof. By contradiction, assume that there exists ω ∈ Im(µ L ). By Proposi-
We set h 0 (C, L) = n + 1, where n ≥ 3. Let φ |L| : C → P(H 0 (C, L) ∨ ) be the embedding given by L. Let P 1 , ..., P n−1 be n − 1 distinct points inside φ |L| (C) such that they generates a n − 2 plane P 1 , ..., P n−1 = P n−2 . We set Div n+1 C ∋ D = P 1 + ... + P n−1 . By construction 2 = h 0 (C, L(−D)).
By the Generalised adjoint Theorem, see [24] , it follows that
where the natural morphism P D :
Since ξ is an element of the dual of the space of the abelian differentials then it gives a linear functional: ξ : H 0 (C, ω C ) → C. By construction it follows that J D (H 0 (C, ω C (−D))) ⊂ Kerξ. By the very ampleness of L it obviously follows that
where U is an open set of the (n − 1) symmetric product of C and -
) is the space generated by all the subspaces Im(J D ). Then ξ = 0. Theorem 2.1.3. Let S be a regular surface with very ample canonical divisor K S and p g ≥ 5. Then the canonical image is projectively normal in degree 2.
Proof. Let C ∈ |K S | be a general element. By Bertini's theorem C is a smooth curve since |K S | is very ample. By adjunction C has genus g = K 2 S + 1. By Casteluovo's Theorem, see [6] , K 2 S ≥ 3p g − 7, hence g ≥ 9. We consider the twisted structural sequence
Obviously L is very ample. By Proposition 2.1.2 we have that the L-Petri map is surjective. Consider the following diagram:
where the vertical arrow on the right is surjective because it is part of the cohomology exact sequence given by the divisor |K S | ∋ C := (c = 0)
and 0 = q = H 1 (S, K S ). Then the claim easily follows since the image c · H 0 (S, O S (K S )) clearly is contained inside the image of the map
3. The surface of bitangent lines 3.0.1. Bitangent lines to a general quartic surface. We recall briefly some results mainly taken from [27] and [34] . We set
be an homogeneous polynomial of degree 4 and set X := {P ∈ P 3 | F (P ) = 0}. We assume that X ⊂ P 3 = P(V ∨ ) is a smooth quartic surface such that there are no lines contained inside X.
We are interested in the scheme S which parameterises bitangents to X. We denote by G := G(2, V ∨ ) the Grassmann variety of lines in P 3 . The next Proposition is well-known, possibly since very long time ago, but we include a proof of it because in the sequel we need analogue techniques and notation to show that the canonical divisor K S is very ample. Proof. We fix a line l ⊂ P 3 which is bitangent to X. W.l.o.g. we can assume that l := (x 2 = x 3 = 0) and that the two points in X∩l are P = (1 : 0 : 0 : 0), P λ (1 : λ : 0 : 0) where we do not assume λ = 0. Then
are homogeneous forms of degree 3. We recall that by generality l ⊂ X.
We consider an open neighbourhood
We look for conditions on the tangent vector v :
then it must exists a q ∈ C[x 0 , x 1 , u 0 , u 1 , u 2 , u 3 , ǫ] such that q has degree at most 2 in the variables x 0 , x 1 and f = q 2 . Since f (x 0 :
We distinguish now two cases: λ = 0 or λ = 0. If λ = 0 then we obtain that
The above linear system has rank ≤ 1 iff P or P λ is a singular point of X.
If λ = 0 the condition is equivalent to
(1 : 0) = 0 and again the rank is less or equal to 1 iff P is a singular point.
3.1.
Lines on the quartic double solid. Let Q be the 2-to-1 cover of P 3 branched over X. In [27] and in [34] is shown how the geometry of Q is strongly influenced by the one of S.
We consider the tautological divisor T P/P 3 of P :
is the natural projection. We denote by H P 3 the hyperplane section of P 3 and by O P (n) := ρ ⋆ O P 3 (nH P 3 ). If T 1 ∈ H 0 (P, O P (T P/P 3 )) and T ∞ ∈ H 0 (P, O P (T P/P 3 ⊗ P O P (−2)) it is easy to show that Q ∈ |2T P/P 3 | and Proof. See [34, p.8] .
The threefold Q is a Fano variety, that is the anti-canonical divisor −K Q ∼ ρ ⋆ (2H P 3 ), is ample and there is a natural notion of line of Q.
In [27, Page 374] there is a description of the lines of Q. Here we only recall that they come in couples of irreducible rational curves which mutually intersect into two points.
Thanks to the polarisation on Q given by ρ ⋆ (H P 3 ) we can construct the Hilbert scheme of lines of Q. An important theorem by Iskowskih, see [20] , was used in [27] to show: 3.2. The invariants of the surfaces of bitangents. We need a description of S and of its invariants. To this aim we consider the universal exact sequence of G:
Its pull-back on S via the natural inclusion S ֒→ G:
define the rank-2 universal bundles S S and Q S over S. Denote by H G the hyperplane section of the Plücker embedding G ֒→ P( 2 V ∨ ). We stress that O G (H G ) = detQ = detS.
3.2.1. Basic diagrams. Now we consider the standard conormal sequence of X inside P 3 :
We partially maintain the notation of [27] to help the reader to check some of our assertions. Following [27] we can build the following diagram:
where the inclusion J X : P(Ω 1 X (1)) → P(Ω 1 P 3 |X (1)) is given by the sequence (3.3) and the morphism P(Q S ) → P(Ω 1 P 3 |X (1)) is the restriction over S of the standard diagram:
We follow Grothendieck's notation, see Section 1. By construction the P 1 -bundle π G : P(Q) → G is the universal family of G, and the P 2 -bundle p : P(Ω 1 P 3 (1)) → P 3 is the projective bundle of the tangent directions on P 3 ; that is: p −1 (P ) = P(T P 3 ,P ) where T P 3 ,P is the vector space given by the tangent space to P 3 at the point P . The isomorphism P(Ω 1 P 3 (1)) ∼ = P(Q) is well-known. We denote by N the divisor on P(Ω 1 P 3 (1)) and by R the divisor on P(Q) such that p ⋆ O P(Ω 1 P 3 (1)) (N ) = Ω 1 P 3 (1), π G⋆ (O G (R) = Q Since no confusion can arise we denote by R also the restriction to P(Q S ) of R, hence π S⋆ O P(Q S ) (R) = Q S We also denote by T the divisor on P(Ω 1 X (1)) = P(Ω 1 X ) such that:
Lemma 3.2.1. For the 3-fold P(Ω 1 X (1)) it holds:
Trivial since X is smooth.
Useful divisor classes.
We give the dictionary to switch from classes which are easily seen by the geometry of ρ X : P(Ω 1 X (1)) → X to ones which can be seen by the morphism π S • J X : P(Ω 1 X (1)) → S. We think it does not create any confusion to write R for the class J ⋆ X (R |P(Ω 1 P 3 |X ) ) ∈ Div(P(Ω 1 X (1)) which comes from the divisor R on P(Q S ) via the inclusion P(Q S ) ֒→ P(Ω 1 P 3 |X (1)). Finally we set Div(P(Ω 1 X (1)) ∋ H X := (π S • J X ) ⋆ (H G|S ) and h := H P 3 |X ∈ Div(X). Lemma 3.2.2. It holds on Pic(P(Ω 1 X (1))) : X (1)) | p ∈ X and l is bitangent to X at p} Inside S there is a subscheme B hf ֒→ S which parameterises the hyperflex lines. In [34, p. 18] it is shown that B hf is smooth if X is general. Actually it holds much more: By the diagram (3.4) we obtain the basic diagram:
The fact that Y is a divisor both in P(Ω 1 X (1)) than in P(Q S ) makes possible to link the geometry of X to the geometry of S via the one of Y . First we recall that since X is general Pic(X) = [h]Z, where we recall that h := H P 3 |X . Hence 
and that the divisorial class of σ l is the class H G .
Lemma 3.2.6. The following identity holds in the Chow ring of G:
In particular deg(S) = H 2 G · [S] = 40.
Proof. See [34, Lemma 3.30 ].
Numerical invariants.
Theorem 3.2.7. For the surfaces S X , S, Y we have the formulae:
Proof. See [34, Cohomological study pp. 41-45].
3.3. The Abel-Jacobi morphism. For completeness, below, we point out a property of the Albanese morphism a X : S X → Alb(S X ). Indeed, in the sequel we will only use that S X does not contain any curve birational to P 1 and this easily follows by [34, Proposition 2.13 p. 27] . Theorem 3.3.1. If X is general then the differential of the Albanese morphism a X : S X → Alb(S X ) at any point [l] ∈ S X is injective. In particular S X does not contain any rational curve.
Proof. Let J(Q) be the intermediate Jacobian of Q. By [34, Proposition 2.13 p. 27] we know that the differential of the Abel-Jacobi map S X → J(Q) is injective. By [34, Theorem 4.1] the Abel-Jacobi morphism Alb(S X ) → J(Q) is an isomorphism. By the universal property of the Albanese morphism it holds that the differential of the Albanese morphism a X : S X → Alb(S X ) is injective. Now let C ⊂ S X be a curve such that its normalisation is ν : P 1 → C. Then the image of C by a X : S X → Alb(S X ) is a point. Finally let [l] be a general point of C. Then [l] is a smooth point of C but dim C Ker(da X,[l] ) ≥ 1 since the tangent direction to C at [l] is sent to 0 . A contradiction.
The case of regular surfaces
We need to see how the geometry of G induces an interesting class of H 1 (S, T S ).
4.1.
Some vector bundles on the Grassmannian. We recall the sequence (3.1). We will often use the natural isomorphism: Proof. It holds that Sym 2 (Q)
Proof. By the natural pairing
and by Lemma 4.1.1 it follows:
4.2.
Dimensions of some cohomology spaces.
Lemma 4.2.1. For the surfaces S X , S, Y we have the formulae:
Proof. In this proof we set H := H G . We know that H |S is very ample on S. Then H |S + σ is big and nef. In particular by Kawamata-Viehweg vanishing theorem, see [15] and [31] , it holds that h 1 (S, O S (−H |S − σ)) = 0. By standard formulae on double covering and by Proposition 3.2.4 we know that π ⋆ O Y = O S ⊕ O S (−H |S − σ). By projection formula we have that h 0 (S, O S (1)) = h 0 (Y, O Y (π ⋆ (H |S )) since h 0 (S, O S (−σ)) = 0. To compute h 0 (Y, O Y (π ⋆ (H |S )) we move inside P(Ω 1 X ) and by Lemma 3.2.2 we can write:
We also use systematically the cohomologies of the two following sequences
It then follows that
This implies that h 0 (S, Sym 3 Ω 1 X (−6)) = 0. By projection formula it follows that h 0 (P(Ω 1 X ), O P(Ω 1 X ) (T + 2ρ ⋆ X (h)) = h 0 (X, Ω 1 X (2)). Finally by the cohomology of
we obtain h 0 (X, Ω 1 X (2) = h 0 (P 3 , Ω 1 P 3 (2)) = 6. By same computations we have Proof. We consider the extension class ξ ∈ H 1 (S, T S ) given by the sequence (4.5). Let us prove that ξ = 0 but ∂
We have the natural isomorphism Sym 2 (Q ∨ ) = Sym 2 (Q) ⊗ O G (−2) over G. It restricts over S to the isomorphism Sym 2 (Q ∨ S ) = (Sym 2 (Q S ))(−2). If the sequence (4.6) splits it then follows that:
On the other hand if we tensorialise the sequence (4.5) by O S (−2) we obtain
S (−2) → 0 which clearly implies h 0 (S, (Sym 2 (Q S ))(−2) ⊗ O S (σ)) = 0 since q(S) = 0. We have then shown ξ = 0. Now consider the 2 of the sequence (4.5):
First way to finish the Proof. By Theorem 3.2.7 we have that q(S) = 0 and p g (S) = 45. Since
then we have only to show that h 0 (S, 2 Sym 2 (Q S )) ≥ 45. On the other hand by [34, Page 46] we know that there is an injection 2 H 0 (P 3 , O P 3 (2)) ֒→ H 0 (S, 2 Sym 2 (Q S )). Since dim 2 H 0 (P 3 , O P 3 (2)) = 45 the claim follows.
Second way to finish the Proof. By Corollary 4.1.2 we have that
Since 0 = q(S) = h 0 (S, Ω 1 S ) and p g (S) = h 0 (S, ω S ) = 45 the claim follows if we show that h 0 (S, Sym 2 (Q S ) ⊗ O S O S (1)) ≥ 45. Now we consider the Koszul resolution:
By the sequence (3.1) we know that 2 S ∨ = O G (−1). By tensorialising the sequence (4.8) by ⊗ O S O S (1) we obtain:
We split the long exact sequence (4.9) into two exact sequences of sheaves:
Since q(S) = 0 and h 0 (S, O S (1)) = 6, by the cohomology of the sequence (4.10) it follows that h 0 (S, C) = 35. By the cohomology of the sequence (4.11) we see that our claim is equivalent to show that h 0 (S, 
Hence we need to show that h 0 (S, S 0 ) ≤ 4.
Finally we consider the dual of the restriction to S of the sequence (3.1):
By the cohomology associated to the sequence (4.13) the claim follows since H 1 (S, Q ∨ S ) = H 1 (S, Q S ⊗ O S ω S )) = H 2,1 (S, Q S ). Now the morphism P(Q S ) → P 3 is finite of degree 12. Indeed e recall that π G P(Q G ) → G is the universal family of lines of P 3 and by the diagram (3.5) its restriction P(Q S ) to S has the following meaning:
∈ S, and p ∈ l} and it comes with a induced surjective morphism p S : P(Q S ) → P 3 . Now fix any [l] ∈ S and take p ∈ P 3 , p ∈ l. Since X is a generic quartic then there are only a finite number, generically 12, of bitangents througth p. Since the tautological divisor R of P(Q S ) is the pull-back of the hyperplane section H P 3 and p S : P(Q S ) → P 3 is finite then Q S is an ample sheaf. By Akizuki-Nakano vanishing theorem, see [1] , 0 = H 2,1 (S, Q S ). This implies the claim.
Very ampleness of the canonical map. To show that
is an embedding let us consider the following rank 3 vector bundle (Sym 2 (Q)) ∨ and the associated projective bundle π 3 : P(Sym 2 (Q)) → G. Geometrically a point η ∈ P(Sym 2 (Q)) is the datum of a point [l] ∈ G and of two points P, P ′ ∈ l where P is not necessarily distinct by P ′ . We consider the map Φ : P(Sym 2 (Q)) → P( 2 (Sym 2 V ) ∨ ) which to a point P(Sym 2 (Q)) ∋ η = ([l], P, P ′ ) associates the pencil of quadrics inside P(V ∨ ) containing the two points P, P ′ or, in the case where P = P ′ it associates the quadrics A passing through P such that T P A contains the line l. Proof. We recall that P 3 = P(V ∨ ) and set W < V ∨ a 2-dimensional subspace such that l = P(W ) where [l] ∈ G. The the universal sequence (3.1) of G over [l] is given by the dual of the inclusion W ⊂ V ∨ ; hence, by Grothendieck notation, the fiber of P(Sym 2 (Q)) → G over [l] is P(Sym 2 (W )). To define the morphism Φ : P(Sym 2 (Q)) → P( 2 (Sym 2 V ) ∨ ) we simply glue all the injective morphisms P(Sym 2 (W )) → G(2, (Sym 2 V ) ∨ ) given by [η] → [Ann({q ∈ Sym 2 V ) | Z(q |l ) = η}], followed by the Plücker embedding inside P( 2 (Sym 2 V ) ∨ ) ≃ P( 2 Sym 2 V ∨ ). Clearly Φ is an injective morphism.
We show that its differential is injective. We write the proof only for the most difficult case where η := ([l], P, P ) ∈ P(Sym 2 (Q)). We use the notation of the proof of Proposition 3.0.2 where U ′ ⊂ G is an open set containing [l] and (u 0 , u 1 , u 2 , u 3 ) a regular parameterisation on it. Let U = U t,s,u 0 ,u 1 ,u 2 ,u 3 ⊂ P(Sym 2 (Q)) be an open neighbourhood of ([l], P, P ) where P = (1 : 0 : 0 : 0). To write ([r], P t , P s ) ∈ U means that r := {(x 0 : x 1 : x 0 u 0 + x 1 u 1 : x 0 u 2 + x 1 u 3 ) | (x 0 : x 1 ) ∈ P 1 } ⊂ P 3 , and P t = (1 : t, : u 0 + tu 1 : u 2 + tu 3 ), P s = (1 : s, : u 0 + su 1 : u 2 + su 3 ). We take the vector v = (t, t, u 0 , u 1 , u 2 , u 3 ) and we want to show dΦ η (v) = 0. Now let U ∋ (t, s, u 0 , u 1 , u 2 , u 3 ) → φ(t, s, u 0 , u 1 , u 2 , u 3 ) ∈ P 44 be the local expression of Φ. We consider the quadrics Q through the point P ǫ = (1 : ǫt, : ǫu 0 : ǫu 2 ) such that the tangent plane T P Q contains the line r := {(x 0 : x 1 : ǫu 0 x 0 + ǫu 1 x 1 : ǫu 2 x 0 + ǫu 3 x 1 ) | (x 0 : x 1 ) ∈ P 1 }. The corresponding pencil φ(tǫ, tǫ, ǫu 0 , ǫu 1 , ǫu 2 , ǫu 3 ) is computed by the 2 × 2 minors of the following matrix:
1 0 2ǫu 0 2ǫu 2 0 .... 0 1 2ǫu 1 ǫu 3 2ǫt... We compute φ(tǫ, tǫ, ǫu 0 , ǫu 1 , ǫu 2 , ǫu 3 ) − φ(0) and in this expression dΦ η (v) occurs as the coefficient of ǫ. Then we immediately see that dΦ η (v) = 0 iff v = 0.
Theorem 4.4.2. If X is a general quartic then the canonical sheaf of S is very ample.
Proof. By [34, (A.5) Proposition p.53] we know that the canonical map is given by S → G(2, (Sym 2 V ) ∨ ) given by [l] → [Ann({q ∈ Sym 2 V ) | Z(q |l ) = l |X }], followed by the Plücker embedding inside P( 2 Sym 2 V ∨ ). Now the basic remark is that by the identity given in equation 4.1 (Sym 2 (Q S )) ∨ = (Sym 2 (Q S ))⊗ O S O S (−jH G|S ) and this easily implies that P((Sym 2 (Q S )) ∨ ) ≃ P(Sym 2 (Q S )). The surjective morphism Sym 2 (Q S )) ∨ ) ⊗ O S O S (σ) → O S given by the tangent sequence induces a section f σ : S ֒→ P(Sym 2 (Q S )) ∨ ⊗ O S O S (σ)) = P(Sym 2 (Q S )) which composed with the embedding P(Sym 2 (Q S )) ֒→ P(Sym 2 (Q)) and the embedding Φ : P(Sym 2 (Q)) → P( 2 Sym 2 V ∨ ) of Proposition 4.4.1 shows that the canonical map of S is an embedding.
4.5.
Rational curves on the surface of bitangent lines. Theorem 4.5.1. If X is a smooth quartic with no line contained in it then there are no rational curves on the surface of its bitangents.
Proof. Let f : S X → S be theétale 2-to-1 covering of S given in Proposition 3.1.3. Let C ֒→ S be a curve such that its normalisation is ν : P 1 → C. It holds that the normalisation of f * C is a union of rational curves. On the other hand since X is general, by Theorem 3.3.1 it holds that these curves cannot exist. Theorem 4.5.2. If X ⊂ P 3 is a smooth quartic with no line contained in it then the variety which parameterises the lines which are bitangent to X is a smooth surface S of general type whose canonical map is an embedding and with q(S) = 0. Moreover S does not satisfies the 2-infinitesimal Torelli claim, it does not contain any rational curve and its canonical image is projectively normal in degree 2.
Proof. By Theorem 4.3.1 it follows that there exists ξ ∈ H 1 (S, T S ) such that ∂ 1 ξ = ∂ 2 ξ = 0 but ξ = 0. By Theorem 4.5.1 there are not curves C ⊂ S whose normalisation is P 1 . By Theorem 4.4.2 the canonical sheaf is very ample. By Theorem 2.1.3 the canonical image is projectively normal in degree 2.
